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Abstract. Asymptotic Stability region of nonlinear dynamical systems are esti-
mated by homogeneous polynomial Lyapunov function, which include quadrat-
ic Lyapunov functions as a special case. We use an optimization strategy based
on Linear Matrix Inequality (LMI), to compute the Domain of Attraction (DA).
The main contribution consist in a preliminary estimation of the general form
of this region obtained by the trajectory reversed Method. The parameters of
Lyapunov function are computed by combining Threshold Accepting Algo-
rithms and LMI. The proposed approach yields a larger stability region for po-
lynomial systems than an existing method does. We demonstrate the perfor-
mances of the proposed approach with two examples. The first is an academic
example. The second example is a second order nonlinear chemical reactor
CSTR. Simulations studies are developed to show the efficiency of the proposed
method.
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1. Introduction

When we control nonlinear dynamical systems, the asymptotic stability re-
gion of the corresponding equilibrium point is one of a criterion to evaluate control
laws. The Domain of Attraction (DA) of equilibrium point that is the set of initial
conditions from which the state converge to the equilibrium point itself [9]. Since
finding the exact region of asymptotic stability is difficult or even impossible in gen-
eral [9] and it does not admit attractable analytic representation in the most case. For
this purpose we can use a Lyapunov Function [1, 2, 3]. Indeed, for a giving Lyapunov
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Functions providing local stability of the equilibrium point, the largest estimated of
DA, whose shape is fixed by the Lyapunov Function itself, is defined as the largest
level set of the Lyapunov included in the region where its derivative is negative [3, 4,
6].

Recently, there has been a lot of interest in the use of Polynomial Lyapunov
Functions (PLFs) and Homogeneous Polynomial Lyapunov Functions (HPLFs) for
extending and improving the results achieved through quadratic Lyapunov functions
[2, 6]. In [3], the author proposes static nonlinear output feedback controllers enlarg-
ing the largest DA. The controllers proposed are polynomial in the measurable output.

The author propose to exploit relaxations based on sum of squares of poly-
nomials in order to prove that the lower bound of the maximum achievable largest
estimate of the region of attraction and a corresponding controller can be computed
via a generalized eigenvalue problem. The advantage is that the problem is formulated
as a quasi-convex LMI optimization. We propose here an alternative way to estimate
the asymptotic stability region with good accuracy and tractable manner. To this end,
we employ homogeneous polynomial Lyapunov functions [2, 6], which include qua-
dratic Lyapunov functions as special case.

The purpose of this paper is proposed to enlarge the DA. The starting point
of this work is the method developed in [3]. The objective is to improve the results by
enlarging the DA that can be obtained by the last method. The objective is to improve
the result by combining a Threshold Accepting Algorithm (TA) as an advanced opti-
mization routine to LMI techniques in order to maximize the DA. Based on the Re-
verse Trajectory Method (RTM) one can estimate a preliminary maximal region of
asymptotic stability and thereafter determine the parameter of the maximal Homoge-
neous Polynomial Lyapunov Function [6]. This will lead to an accurate definition of
the initial values and the main constraints relating the required parameters of the in-
vestigated Lyapunov function. Note that the RTM is an important technique which
offers the advantage of estimating bounded and unbounded asymptotic stability re-
gions [8, 10]. Nevertheless, this method does not lead to an analytic expression of the
estimated DA. It gives an interesting graphic representation of the shape of the DA.

In order to get an explicit expression of the estimated DA, we Lyapunov ap-
proach but with parameterized investigate a Homogeneous Polynomial Lyapunov
function. Since the DA is related to the Lyapunov function, the idea consists in choos-
ing the best matrix P in order to obtain the largest DA. This matrix is computed as
solutions of an optimization problem. We propose to apply a Threshold Accepting
Algorithm to solve this problem. We obtain by this way an optimal set matrix P ,
which is used to solve the LMI optimization problem derived from [3]. The main
advantages of the TA are their robustness and efficiency in different environments
covering various applications.

This article is organized as follows: In section 2 we describe the class of sys-
tem considered and recall some basic notions. In section 3 we give a definition of
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reversed trajectory method and in section 4, we state our main results. In section 5, we
illustrate our result with two examples. Finally, section 6 gives conclusions.

2. Problem Formulation and Preliminaries

2.1. Notation and representation Polynomial

The notation adopted in the paper is as follows: 0, origin of R ;1. identy ma-
trix nxn ; A :transpose of matrix A ; A>0(A>0) : symmetric positive definite
(semi definite) matrix A; A® B :Kronecker’s product of matrices A and B ;
x'? e R“™) : vector containing all monomials of degree less or equal to & in x but
the constant term. For example x'*’ :[xl,xz,...,xn,xf,xlxz,.. x‘g]'. Quantities

¢(n,8)is given by
(n+o)!
nto!

s(n,6)= -1 )

2.2. Problem Formulation

Consider the continuous-time polynomial system

x=f(x)+g(x)u
{y=h<x) ?

Where f,gand h are polynomial functions such that f (0)=0. In the following,

x e R" is the state vector andu € R is the input vector. y € R* is the measurable

output. The equilibrium point of interest is the origin.
The control input is supposed to be a polynomial function of the form

u=Ug(y) ©)
where ¢ is a given polynomial function of the output and U € R"*" is a matrix be-
longing to the interval matrix

u :{u \U, ;e (U707 ) i=1,p. =,...,r} (4)
Before proceeding further, we will give some preliminary results.
Let us considerV (x) € R, a positive definite, radially unbounded and continuously

differentiable function. The bounded set
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Q(c)={xeR"/V(x)<c} (5)
is an estimate of the DA if Q(c)c D where D ={x eR"/V(xU)< O}U{O} :
The time derivative of V (x,U ) along trajectory of system (2) is given by:

V(u0)= 20 )+ 0 (us(n ()

_ a\;f(x) £(x)+ 6\;)((x) g(x)Ug(h(x)) ©6)

=LV (x)+LV (x)Ug(h(x))
L,V (x) (respectively L,V (x)) is the Lie derivative of V (x) along the polynomial

vector  f(x) (respectivelyg(x)). In the following, we will denote by
L(QYU)V(X):LgV(x)U¢(h(x)).

The largest estimate of the DA is given by Q(c*(U ))

where

¢ (U)=:QanV(X) such that V (x,U)=0 )

for each matrix U e U . The optimal value of c¢"(U) is obtained by

¢ =supc’(U) (8)

Ueu

It has been proved in [3] that for any given ceR,c<c’ if there exist U eU and
s(x) a positive definite polynomial such that
V(xU)+(c-V(x))s(x)<0 (9)
The polynomial degrees of V(x)and "V (x,U)are 23, and &, respectively. We
choose s(x)degree to be 26, such that
0

55 Z?_Q (10)
It follows that the degree of the polynomial
t(x,U,c,5(x))=V (xU)+(c-V(x))s(x) (11)

is equal to 20, where &, =05, +3, .

A Square Matricial Representation (SMR) and complete square matrix representa-
tion (CSMR) of polynomials (see for example [3]) are used in order to get an appro-
priate optimization problem. The CSMR provide all the possible representations of a
polynomial in terms of a quadratic form.

The CSMR matrix of t(x,U,c,s(x)) s given by



1590 1J-STA, Volume 5, N°2, December, 2011.

T(a.U,c,S)=D;(a)+D,(U)+cW,(S)-W,(S) (12)
where D;(a) is the CSMR of LV(x), D,(U) is the SMR of
LoV (X)W,(S) and W,(S) arethe SMR of s(x) and V(x)s(x).
The condition (9) with (12) implies that if

¢'= sup c Suchthat T(aU,c,S)<0 (13)
Ueu,a,S>0
then ¢ < ¢ .
This leads to a non-convex problem (since ¢ multiplies the parameters of S
inT(a,U ,C,S) . The following Theorem is a reformulation of this problem as a gene-

ralized eigenvalue problem (GEVP), which enable to overcome this limitation.

Theorem 1: ([3]). The lower bound ¢” is given by

A C) (14)
1+pd (V)

with A"(U) solution of the following GEVP

AU)=,nf 2

1+ u4>0

Uesu (15)
such that S-0

AW (S)> D, (a)+ Dy (U)-W,(S)
where 4 can be any positive scalar and

W(s):K'[B j/}@SjK (16)

where ® represents Kronecker’s product and the matrix k satisfies.

1 ) )
[ w}@x{on_Kx{m a7
X
where
X{‘Sm} c R‘;(n!‘;m)’a c Rr(nv‘;m), X{‘S\/} c Rg(nv§\/)' X{(;s} c R?(nﬁs) (18)
and
K e Rg(n-é‘s)@(”@/)*l)X§(”'5m) (19)

it can be verified that the quantities g(nﬁm) and r(ns,) are given by

Om !
¢[ndm) = (r:]Tgr:l) -1 (20)
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7(n6m) = 3¢ (nSm)( (S} -5 (n.28m) + (21)

3. The Reversing Trajectory Method

In this section, the reversing trajectory method [8] is recalled, having as a pur-
pose to estimate the Region of Asymptotic Stability (RAS) through reversing the sys-
tem trajectory flow. For a system of the form:

% =F(x) (22)

the time reversing of this system (backward integration of (22)), turns out to con-
sider the system :

% =—F (x) (23)

The need, felt in engineering applications, to enlarge an initial arbitrary small esti-
mation of the region of asymptotic stability [8], led to the general formulation of the
reversing trajectory method.

The following Theorem provides sufficient conditions for the enlargement of the
guaranteed stability region via the reversing trajectory method.

Theorem 2: Given the autonomous system (23) with continuous right member, if
the origin is asymptotically stable, there exists a positive definite Lyapunov func-

tion V (x) such that:
1) B(O,R)= {x eR"/V(x)< c} is simply connected with boundary T,
2) V(x)<0,vxe{xeR"/V(x)<c}, x=0

then the region of asymptotic stability may be approximated arbitrarily well by
means of a convergent sequence of simply connected domains generated by the back-
ward integration technique, starting from the initial guaranteed stability region esti-

mation B(0,R).

The RAS estimation of the origin of system (23) using the reversing trajectory me-
thod involves the following five steps [8]:

1) Determine the equilibrium points of the system (different from the origin) and
realize the local stability analysis of these points.

2) Determine an arbitrary small stability region B(O, R) around each asymptoti-
cally stable equilibrium point in the space domain of interest.

3) Apply the backward integration of the system (23) at the asymptotically sta-
ble equilibrium point of step 2.
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4) Perform forward and backward integration of the system (22) in the neigh-
borhood of the other critical points in the domain of interest.

5) Derive an estimate of the region of asymptotic stability of the origin by
means of topological considerations concerning the about the behavior of the
obtained trajectories.

One of the objectives of the paper is to enlarge the RAS obtained by the method of
[3]. The idea consists in taking the RAS obtained by this last method as the initial
domain in the step 2 of the next main algorithm.

The second objective is to give an analytical expression of this RAS. This is not
given by the reversing trajectory method, which finally give an interesting graphical
representation of the RAS. In order to determine this expression of the RAS, we use
Lyapunov function as it is presented in the next section.

4. Polynomial Lyapunov Function searching with Threshold
Accepting Algorithms

The Threshold Accepting (TA) method is a variant of the classical simulated
annealing algorithm, originally introduced by Dueck and Scheuer [5]. In this respect,
TA abridged the simulated annealing procedure by excluding the element of probabili-
ty in accepting inferior solutions. What is more, TA introduced a deterministic thre-
shold and an inferior solution is accepted if its disparity with the existing solution is
smaller than or equal to the threshold. The major components of TA are the functions
that decide the lowering of the threshold during the course of the procedure, prevent-
ing criteria as well as the methods used to generate primary and neighbouring solu-
tions. The main benefits of TA are its theoretic simplicity and its exceptional perfor-
mance on various combinatorial optimization problems. On the assumption that X is
the set of all feasible solutions of the problem, TA starts with a primary solution
X, € X which may be generated randomly or used as a simple method. The method
proceeds in an iterative manner. In each iteration, the algorithm determines if the new

solution X' is less than the current solution X, then the original one will be re-

placed by the NEW one; otherwise, another solution will be generated. If the current
solution is less than the best solution so far X, , then the best solution will be replaced

by X,.

4.1 The Main Result

The purpose of this section is to present a method to estimate analytically the RAS.
We consider for this a polynomial Lyapunov function of the form:

V(x)= X&) pylad (24)
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where
P=P">0 (25)
We suppose that o, =2, we have:
pop |
P, Ps
P={0 0 p, p O (26)

0 0 p P Py

Then

V(X)= PX7+2P,X X, + PaXs + PoX +2PX0X, + 2PeX X2 + 2P, X% + DX, (27)

4.2 The Main Result

This section is dedicated to the formulation of the final algorithm which leads to
the DA estimation of the studied system:

Step 1:  Apply the method given in [3] to estimate an initial DA.

Step 2:  Apply the RTM and deduce the equation of the largest ellipsoid included
in the obtained RAS.

Step 3:  Generate randomly matrix P . Determine the positive definiteness of P .
If P is not positive definite, go to Step 3.
Step4:  Compute the domain of attraction with the new matrix P .

Step 5 Accept solutions P and ¢’ .

With this algorithm, we can maximize the region of asymptotic stability.
Moreover the obtained solution is specified by the definition of a maximal quadratic
Lyapunov function.

5. llustrative Examples

Example 1

In order to illustrate the effectiveness of our results, we consider the following ex-
ample, which has been considered in [3]:
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X ==X 4 X, = X = X5 + XU
Xz :—2X2—X12+U (28)
y=X

Our main goal is to show that the DA that we can estimate is larger than the one ob-
tained in [3]. The proposed controller (3) is defined by

u=Ug(y) (29)

with: ¢(y):[;2j (30)
and

U={U:u:-1<u <1, i=12} (31)

When we apply the RTM described previously and defined in step 2, we obtain the
figure 1 which represents the region of asymptotic stability of the studied system.

Boundary of the Region
of Asymptotic Stability

Inital Domain of Attraction

10 -5 o 5 10 15
1

Fig.1. Region of Asymptotic Stability obtained by RTM.

According to the algorithm, proposed in paragraph 4, we employ a Homogeneous
Polynomial Lyapunov function of the form:

V(%)= PX +2P,X X, + PoX; + Py + 2P0, +2PX0XG + PG + Xy (32)
in order to find the shape of the RA. Since the degree J, of v (x,U ) is6, we can

select §, =1 which implies that m =3 .Vectors X% , x* and x™ are selected as:

x{‘ss}:(xl,xz)T, Xt =(X1:X21X12!X1X2’X§)T (33)
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and

which implies that:

Dy ( p1,.v.‘s) =

with

and

WZ(S, pl,...,B):

O O O O O O O o o

2P (P=3p) (Pt py) (Pt i)
(p,—3p,) 2(p,—2p;) 0 0
—(P+p,) 0 -4p, 2p,
=(P2+ps) 0 2p, 6ps

0 0 0 (Ps—py)
0 0 —2p, 0
0 0 —Ps 0
0 0 —Ps 0
0 0 —2pP, 0
2 p2u1 p3u1 plul + p2u2 p3u2 + p2u1
p,U, 0 0 0
p.u; + poU, 0 2pyu, PsU; + PoU,
p3u2 + p2u1 0 p6u1 + p2u2 o
0 0 0 2pgu,
0 0 2p,u, 0
0 0 PsU, 0
0 0 PsU; 0
| o 0 2p,U, 0
s_ [sl 52:|
SZ s3
0 0 0 0
0 0 0 0
0 sp (s:P+5,P;) 0
0 (S;p+5,P,) (SiPy+8,P+45,D,) (S,P,+5:P,)
0 0 (s2P,+5:p;) SiPs
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

{on} _ 2 2 3 o2 2,3\
X —(mezvxl1X1X21X21X11X1X21X1X21X2)

(34)
0 0 0 0
0 0 0 0
Y —2p, —Ps  —Ps
(Ps—py) 0 0 0
2(4pg+ p,) 0 0 0
0 0 0 0
0 0 0 0
0 0 0 -2p,
0 0 0 0
0 0 0 0
0 0 0 0
0 2p,l; PgU;  Pgly
2 pgu, 0 0 0
0 0 0 0
0 4p,u, 0 0
0 0 2pgu, 0
0 0 0 0
0 0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
S S, P, 0

S0, (SsPy+5,Ps) S, P
0 SZ p6
0 0 S, P

(SiPs+8;Ps) S,

N
UOO
£y

|

5 © 0o 0o oo

@

0
0

2Py,

O O O O O o o

S3P |
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W(S,p, )=

o

v
Ny

O O O O O o o

S, 0 0 0 0

S, 0 0 0 0

0 usp H(8; P, +5,p,) 0 0 0

0 ﬂ(32p1+51p2) ﬂ(31p3+33p1+432p2) ﬂ(s2pz+53pz) 0 0

0 0 ﬂ(szp2+33pz) 183D 0 0

0 0 0 0 HS, P, 1S, Py

0 0 0 0 ks, p, ﬂ(53p4+51p6)
0 0 0 0 0 18, Ps

0 0 0 0 0 0

O O O O o o

13, Pg

O O O O O o o

H(S,Ps+55P5) 45, Ps

HS, Py

In step 3, we define the shape of the DA with the Homogeneous Polynomial Lya-
punov function we perform this step of the algorithm, by considering the best estima-

tion of parameters p,,..., p; .
The result of this step is
V (X) = 60X - 41% X, +72X; + X, + X X; +11x; =898.2553

and is represented in figure 2.

This corresponds to the input

U =0.77706x, — 0.4166x’

It is obvious that the final obtained domain of attraction is larger than the initial
domain given by [3].

'~~.~
-

V(x)=6.1583

V(X)=898.2553

! ! ! !

-4 -3 -2 E

Fig.2. Solid line indicates the constraint \/(X,U)annd the boundary of the DA

\ (X) =898.2553 that we obtained via the method (with Threshold Accepting Algorithms);
the dashed line indicates the constraint V (x,U ) =0and V (X) = 6.1583 obtained in [3].

HS5Pg |
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Example 2
Let us consider the following consecutive reactions

A 5B~ C
that take place in an isothermal continuous stirred-tank reactor (CSTR) with constant
volume. It is assumed that A—B has first order kinetics whereas B—C is a second-
order chemical reaction. The dynamical nominal model of the CSTR can be written
in the following form [7]:

X, =—2X +Uu
X, =X — X, —2%5 (35)
y=[x Xz]T

The controller is supposed linear in y , that is ¢(y) =(;(1j

2

The proposed controller (3) is defined by

u=Ug(y) (36)
Set U is chosen as

U={U:u:-1<u <1,i=12} (37)

When we apply the RTM described previously and defined in step 2, we obtain the
figure 3 which represents the region of asymptotic stability of the studied system.

ir QAN Boundary of the Region
NN\ of Asymptotic Stability

0.2}

oar Initial Domain

of Attraction
0.6}

-0.8

Fig.3. Region of Asymptotic Stability obtained by RTM.
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Let us investigate the structure of the GEVP in (15) when the LF defining the LEDA

shape is selected as

V(X) = X2 +2D,%% + DX + PyX + 2P XX, +2PeX XS + P X + PgX;  (38)

in order to find the shape

of the RA. Since the degree &, of \/(X,U) is6, we can

select §, =1 which implies that m =3 .Vectors X% , x* and x™ are selected as:

) _ T @) _ 2 2\'
X = (%) X = (50,6, %%, %G ) (39)
and
{on} _ 2 2 3 2 2 ,3\'
X = (%%, X008, 6, XX, 06, X; ) (40)
which implies that:
_*2(2[)1*’32) 7(3p2*pz) 0 0 0 0 0 0 0 ]
_(3 P, — pa) -2 Ps 0 -2 P2 -2 Ps 0 0 0 0
0 0 -8p, 2p, 0O 0 0 0 O
0 -2p, 2ps -12p, -2p, O 0 0 0
Dy ( pl,.,.,&) = 0 -2 Ps 0 -2 Ps —4p,g 0 -4 Pe o 4 Ps
0 0 0 0 0 0 0 0 0
0 0 0 0 —4p, O 0 0 0
0 0 0 0 0 0 0 0 O
i 0 0 0 0 —4p, O 0 0 0 |
2pu, (pu,+pu,) O 0 0 00 0 O]
(Pu, + pou,) 2p,u, 0 0 0 0 00O
0 0 4p,u, 2p,u, 0 0 0 0 O
0 0 2p,u, 4py, 2pu, 0 0 0 O
D, (U,p, 5)= 0 0 0 2pu, O 0 00O
0 0 0 0 0 0000
0 0 0 0 0 0000
0 0 0 0 0 0000
i 0 0 0 0 0 00 0 O]

with

and
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00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0
00 s,p, (,P,+5,P,) 0 0 0 0 0
0 0 (s, +5,P,) (SiPy+83p+45,0,) (S,P,+5;0,) O 0 0 0
Wz(svpl,...,s): 00 0 (szp2+83p2) S3P3 0 0 0 0
00 0 0 0 S, S,P, 0 0
00 0 0 0 SR (SsPatsibs) S 0
00 0 0 0 0 $P (SiPs+S:Ps) S,
10 0 0 0 0 0 0 S, g S3P% |
(s, s, 0 0 0 0 0 0 0 ]
5, s, 0 0 0 0 0 0 0
0 0  usp H(S,P+5,P,) 0 0 0 0 0
00 ﬂ(52p1+51p2) ﬂ(51p3+33p1+452p2) ﬂ(szpz+53pz) 0 0 0 0
W(S1 p1,...‘s): 00 0 #(3,P; +5,P,) U3y P, 0 0 0 0
0 0 0 0 0 Hs,p, 18,0, 0 0
00 0 0 0 HS, Py /‘(53 p4+s1pe) 1S, Pg 0
00 0 0 0 0 1S, P lu(slp8+53p6) 48, P
10 0 0 0 0 0 0 18, Py 4S5 |

In step 3, we define the shape of the DA with the Homogeneous Polynomial Lya-
punov function we perform this step of the algorithm, by considering the best estima-

tion of parameters p,,..., p; .
The result of this step is

V (X) = 70x2- 2%, +100x + X! + 2x?x2 +10x; = 24.2556

This corresponds to the input
u =-0.8069x,-0.9320x,
and is represented in figure 4.
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Fig.4. Solid line indicates boundary of the DA v (x)=24.2556 that we obtained via the

method (with Threshold Accepting Algorithms). The dashed line indicates the con-
straint\/'(x,u):o.

6. Conclusion

In this paper, we have considered the problem of the enlargement of Domain
of Attraction (DA) of nonlinear systems. The systems under consideration are poly-
nomial and this is not restrictive since most of nonlinear dynamics can be approx-
imated (using Taylor series) by polynomials. We use an optimization strategy based
on Linear Matrix Inequality (LMI), to compute the Domain of Attraction. The main
contribution consists in the determination of an explicit DA by using a parameterized
Lyapunov function. The parameters are computed by combining Threshold Accepting
Algorithms and an LMI. We also employ the trajectory reversing method to represent
the shape of the largest of DA. Examples have illustrated the efficiency of the estab-
lished results.
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