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Abstract: In this paper, we propose a global exponential adaptive observer for a
class of uniformly observable nonlinear systems in order to jointly estimate miss-
ing states and unknown constant parameters. This class consists of cascade sub-
systems where every sub-system is associated with a subset of outputs. Moreover,
a full triangular structure is not assumed since the dynamics of some patrticular
states of each subsystem may depend on the whole state vector. Of fundamen-
tal importance, the global exponential convergence of the proposed observers was
shown to be guaranteed under the well known persistent excitation condition. The
gain of this observer involves a design function that has to satisfy some mild con-
ditions which are given. Different expressions of such a function are proposed. Of
particular interest, it is shown that adaptive high gain like observers and adaptive
sliding mode like observers can be derived by considering particular expressions
of the design function.

Keywords: Nonlinear system, High gain observer, Sliding mode, Adaptive ob-
server, Persistent excitation.

1 Introduction

During the last two decades, the adaptive observer design problem for MIMO non-
linear systems has received much attention in the literature and motivated a lot of
work, for adaptive control, or recently fault detection and isolation in dynamic sys-
tems. Various results are available for linear systems can be found in [13, 18]while
more recent results are reported in [22, 23]. Since the eighties, many results on
nonlinear systems have became available. For example, adaptive observers have
been proposed for a class of nonlinear systems which can be linearized with a
change of coordinates up to output injection in [1, 16, 17, 15]. Their applicability

is limited by the restrictive linearization condition. More recently,some more gen-
eral results on nonlinear systems have been reported in [19, 4, 2]. These methods
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do not require the considered nonlinear systems to be linearizable, instead, they
assume the existence of some Lyapounov function satisfying particular conditions.
They are not constructive methods in the sense in that there is no systematic way
for the design of the required Lyapounov function, and it is not known how to
systematically check their applicability to a given system. In a relatively recent
work [21], the authors proposed an adaptive observer for a class of single output
uniformly observable nonlinear systems admitting some high gain observer, but
further depending on unknown parameters. This consists in an extension of the ap-
proach initially proposed in [22] for MIMO linear time-varying systems. The main
advantage of this approach lies in both design and implementation simplicities.

In this paper, one proposes to extend this approach to a large class of uniformly ob-
servable nonlinear MIMO systems . The class of systems in which the subsystems
for each output has triangular dependence on the states of that subsystem itself
except its last states dynamic which can depend on the whole states of systems
is to be considered. To this end, one shall consider the following class of MIMO
nonlinear systems.

{ X = Ax+g(u,x) +¥(u,x)p

y=Cx=xt (1)

Then, one shall combine the approach adopted in [11] with those proposed in [23]
and [22] in order to design an adaptive nonlinear observer. The main character-
istics of the proposed observer lie in its simplicity and its capability to give rise
to different observers among which adaptive high gain like observers and adaptive
sliding mode like observers. Indeed, the gain of the state estimation as well as
that of the parameter adaptation involve a design function that has to satisfy some
mild conditions which are given. Different expressions of the design function are
proposed and it is shown that adaptive high gain like observers [3, 10, 11, 7] and
adaptive sliding mode like observers [20, 5, 6, 9] can be derived by considering
particular expressions of the design function. Of particular interest, the tuning of
the observer is achieved through the choice of a single parameter.

This paper is organized as follows. The next section presents the class of nonlinear
MIMO systems which has a triangular form for each block, the observer design
will be detailed and the observer equations are given. Different expressions of
the design function are given to emphasize the versatility of the proposed adaptive
observer in section 3.

2 Adaptive observer design

Consider a class of nonlinear MIMO systems which are equivalent by diffeomor-
phism to systems of the form:

{ X = Ax+g(u,x) +¥(u,x)p )

y=CX
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xt XK
X2 x5
wherethe state= [ .| | e R"with xXK= ER%XcRXk=1,...,q
xd X5
Y1
P Y2 .
and z ng = n; the outputy = , € RP with yy € R, k=1,...,q and
k=1 :
Yq
q A Ol 0 o
> p=p; A= . A= ) , C= :
2 0 0 Iy
Aq 0 0 O C
g'(u,x)
o g°(u,x) ;
Ci=[1lp O 0 |, the nonlinear fieldy(u,x) = : €R",
g%(u.x)
K(u,%)
(u,%) .
g¥(u,x) = . € R™ where fork = 1,...,q, the elemeng* denotest"
df (ux)

element ok!" nonlinear functiorg“(u,x) and has the structural dependance on the
states:
eforl<i<iAc—1

gr(uax) = gik(U;lexzr--7Xk71;xli7xlév'"7Xik;xli+17xg+27'“7xg) (3)
o fori= A
pt P71
p? Py a
p=| . | eR™ with pX=| % | eR™ k=1,....q andy mc=m.
: : =
pd s

p is the vector of unknown constant parameters.
W(u,x) is n x mmatrix such that:
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W' (u,x) WK (u,x) Wik(u,x)

w2 (4 x WK (4 x W2K(u,x)
WT (u,x) = (. ) L WK (u,x) = 2(. ) Wux =] °

wa' (u,x) WK (u,x) 24U, x)

s = 1,..., m¢andW¥(u,x) denotess" block of the matrix¥*(u,x) with:

Wk — (Ut )@, XK, X X2 D), for 1< < Ak — 1.

and it has the same structure lig&u,x).

Our objective consists in designing adaptive observers to simultaneously estimate
the state and the unknown parameters. Such a design requires some assumptions
which will be stated in due courses. At this step, one assumes the following:

(A1) The functionsg(u,x) and ¥(u,x) are globally Lipschitz with respect t®
uniformly in u.

(A2) The matrix¥(u(t),x(t)) is uniformly bounded.

2.1 Observer design

Before giving our candidate observer, one introduces the following notations:
1) letAg be the block diagonal matrix defined by:

ka
%ka
N (6) = L (5)
. 1
0% M—1) " Pk

wheref > 1 is a parameter design and thes are defined as follows:

q
O = (Ai—1)0 for 1<k<q-1;
ki1 (6)
0qg=0; 6 >0 isareal number
2) let Ay be the block diagonal matrix defined by:
Ll
965 Pk
N«(0) = (7)
iklpk
6 %

wherecX is given by:

oF =K+ (i—1)8 fori = 1,... . Ak=1,....q ®)
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ando¥ k= 1,...,q are integers which are chosen as follows [8]:

of = (i~ 3)81~ (k= 2)dc+ (1 ) ©

3) LetS,5 be the unique solution of the algebraic Lyapunov equation :
Gakseﬁk +A1895k + Spa Ak = CIICk (10)

where 1
Spic = 55, 0(0) S () (11)

whereAy andCy are given in system (2) . It can be shown that the explicit solution
of (10) is symmetric positive definite for eveéy> 0 and that :

P |
(i ) = (~1) et 1, for 1<i, j < n where G = (n_”p)'p' (12)
In particular, S 'Cl = ( Chlp, Cilpe --., Chlp, )"
4) Let Qg be a the following matrix:
1
ot
Q(0) = (13)

1
oM

Wheres}(, are positive integers which are chosen such that each term of the matrix
A(8)WK(u,X)Q, 1(6) is a polynomial in} [14].

5) For anyéX ¢ RP, LetY‘é (t) be apkq x me matrix satisfying the following Or-
dinary Differential Equation (ODE):

¥ = 0% ( (A SICICOYE + AW e (0) ) (19)

6) Let R(t) be themy x my symmetric matrix governed by the following differen-
tial equation:

T

At) = —0% ( AW YE (OCTGYEOR(®) —R(Y) ) (15)

whereR(tp) € R™ x R™ is chosen symmetric positive definite and the maﬂg(«)
governed by (14).



Adaptive observer design for a class of nonlinear systems — T. Maatoug et al. 489

i
£ _
T)IVEK = 2 eR™k=1,...,q, settk=A(0)EX and let
K
S
KH(E)
K(EX) £k K(E) = : € R™,k=1,...,gbe avector of smooth func-
KI(E™)

tions satisfying the following property:
Let Dy be any compact subset of lRthen

veke Dy ERCIGK(EY > SENClaeEt (16)

The observer synthesis needs the following additional assumptions :
(A3) For anyé € R™, the matrikaY‘g (t) is persistently exciting.

Since the matrixAx — S;'CJ Cy) is Hurwitz and each term of the matrix

A (0)WK(u,x)Q, 1(9) is polynomial in 1/ one can conclude that f& > 1 the
matrixY‘g(t) is bounded and corresponding bounds do not deper@l drurther-
more, one can show that under assumption (A6), the mBt(tx governed by (15)

is symmetric positive definite and that it is bounded from above and from below
and corresponding bounds do not dependon

A candidate adaptive observer for system (2) is:

R(t) = AR+g(u,%) +W(U,R)p(t) —OA1(8) (ST + Yx(1)P(t) Y (1)) CTC K(X)
7)
pt)= —Q L(8)PH)Y] (1)O’CTC K(X) (18)

and
K1) = AR HgU,R) +WK(u,R)pX(t)

T

0%0,(6) (S + YAORMYE (1) CIoK(%)  (29)

PH(t) = —673 QM (O)R()YE (T CeK (X (20)
whereSg, Yx(t), p(t), Q(6) andA(0) are respectively defined as follows:
St Yi(t)
S= , Yr(t) = )
S Yi(t)
Pu(t) Q1(6)
Pt) = , Q(0) = ;
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01(0)
AB) = and
Aq(0)
© =diag( 6%y, 6%l ..., 0%lg )
where the states
e >“<'{
%2 5

eR", with %= e R ™,

x>
Il

; ok
xXa X,

q
k=1,...,q and z Nk = n; X=X—X where x is the unknown trajectory of system

k=1
pt
ﬁz
(2); p= ) € R™; K(X) is a rectangular matrix governed by equation (16);
pa
u andy are respectively the input and the output of system (2).
Indeed, one states the following:

Theorem 2.1 Assume that system (2) satisfies Assumptions (Al) to (A3). Then,
system (17) is a global exponential adaptive observer for system (2).

The proof of this theorem is detailed in section.

2.2 Convergence analysis

Set the estimation erroat) = X(t) —x(t) andp(t) = p(t) — p then there dynamic
eguation are given by the following (for the raison of ambiguity, one omits the time
t for each variable).

X = AX+g(u,%) —g(u,x)+¥(u,R)p+¥u,x)p
— A Y0)(St+ Yz P YR)CTCK(X)
= AX+9g(u,X) —gu,x) +WY(u,x)p + (WP(u,x) —W(u,x)) p
eA1(6) (S T+ Yz P Y;)CTCK(X) (21)

B(t) = —2Q 1 (9)P()Y] (1)CTCK(X) (22)
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where u is an admissible control such thafl. <M, M > 0 is a given constant.

The considered class of nonlinear system (2)has the block triangular structure.
therefore, one has in particular fore k'th subsystem the following equation:

R = AR — g U + WKU0p + (WKL) — We(u0) ) p

0%0,(6) (S1+ Y R Y§ ) CIGK (%) (23)
pr(1) = —625%Q L (8)R(1) Y (1)CICK (%) (24)

one can easily check the following identities:

o A(O)AD(0) = 0%A

o \(0)0.1(0) = 091y (I is then, x ny identity matrix)
o CGAL(8) = 691C

e G 1(6) =Ck

setxk = A(0)% andpk = 6~ (o1 +3) Q, () p*for k=1, ....q, one obtains:
X = Ak(O)ANL(0)X — 0%A(0)1,1(0)S 1CF CuK (%)
A(8) ((uR) = g(ux) ) +A(8) (WH(u.R) — WH(u.x) ) p*
07 0 (8) WK (u,R)Q; 1(0) 8% Ot — 0% IYER YK CTOK (XY)
0% AR~ 0% IS ICTOK (%) + Aw(8) (g (u.R) — d(u.x))
+ AO) (wk(u,fo—wk(u,x)) PX+ 0% (0)WK(U, RO L(8)p
0% VAR, YK CTGK (%) (25)

+ o+

Pr(t) = —6%0~ IR(t)YE' ()CT Crk(%¥) (26)

substituting (26)in (25), one obtains:

X = 9*ARK— 0% oIS ICTCK (R) + Y& pK+ A(6 )(gk(u,f()—gk(u,x)>
T+ A) (WH(UR) — WH(UX) ) o 0ROV uRQ O (27)

Now, define:ny = XX — Ykp*¥ where the matrixr € R**™ is governed by equation
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(14) with & £ %. One can show that:

I
= %At YY) — 0% IS ICTOK(R) + Ak(6) (d(u.R) — g(u.x))
T+ A) (WH(UR) — WH(U,X) ) P+ 650k(0) WH(u,R) 2 1 (0) % — Vip"
= 0%Am+ 05§ ICTCYEpF — 0% 'S 1CTGK (%)
+ A(0) (dUR) — g (uxX)) + A(6) (wk<u,k> ~Wux) P @8)

q
Then, we consider the Lyapunov functiovgn) = Z ) where

Vi(m) = 1 S andS=diag(Sy,..., ) . Vo(p) = pTP~ 1P_ZV2k ) and
V=V +V,.

Vi

21y Scflk

2657 SuAcnic+ 26%7y CT G Y&pk — 26%inT CTGK (%)

+ 20l SAK(8) (gk(u,k) —gk(u,x)) +2n) SA(6) (LIJk u,%) — WX(u,x) )pk

— 0%V + 0% Cf i + 20%n G G Yip* — 26% I CT Ol (%)
(

+ 20 Sd\(6) (gk(u,i)—gk(u,x>)+2nkT SAK(8 )(LPk (u,R) — WK(u,x) ) p
29)

According to(16), one obtains:

MCIGK(R) = a6
9

1
Hl>

/\/-\

0)Cx CiK (X€) — (Y§p*) TCLCK (%)
) TCLCK (R) — (Yp*)TCRGeK (%)
k

I

~—

D
X\_/f\

— 0 (R TCTGK (%) — (Y&p*) TCT Gk (%)

> %e e GO — (VT CI O ()

> ot (/\;1(6)?‘) CTGN(8)R — (YEp¥) TCICK (%)
> 07RO~ (V45T I (%)

N %er<n+ ) CHC (+ YEp") — (Y4p*) TCTGK (%Y
> ;9"1( { Ik -+ (Yip¥) Tl CeYip®)

- GclknkaCkkaP —(kaP )TC K (%) (30)



—60%Vyy+ %0 G Cem + 20% 1 G G Yip¥ — 26%1{ CF CieYp*

200 Suk() (9(u.%) — g(ux) ) + 20 SuAk(8) (WH(u, ) — WH(u.x) ) p*
6% (nCE G+ (Y5p™) TCLCYsp®) + 2676~ (Y5p) TCT G (%Y

— 6%V — 0% (YEpX)TCT G Yip¥ -+ 26%6 91 (Yip*) TCT Gk (%)

2n{ SA(6) (d(U.%) — g (uX)) + 207 SA(B) (WH(u.R) — WH(ux) ) ¥
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where:

° Oy = sup{‘;gg(u,x);x € R"and||u|| < M} and%h’ji _0if g—?(::(u,x) =0, X|k,]-i =
otherwise,

e fx=su p{‘;ijkik(u,x);x € R"and||ulje < M} andsl'f’ji =0if ‘%ik(u,x) =0, e,'f’ji =1

otherwise.
as,|X|| < [nj|+[Y3,pi|, one obtains:
Vi < —0%vi—0%0%1Vy
/lkq7L|”1<klcg | | —si
+ 2G lrlﬁax(sﬂ)\/\? Z ol 6° (’nj"i“Y)S(kp |)
[=1j=1s=
(36)
with, o = 2/ +&.
Now, we have,
Vk < _eakvlk_eakeofVZK
3 3 96|V 95|V
+ 2 Ml SOVOM zlzzwk' gol-at-%-4 [ VOIVL | V6V,
- \ Ain( S0 \/xmm

(S) is the minimum eigenvalue & andA/ . (R) is the minimum eigen-

(37)

whered! .
value ofR.
Now, according to the choice of thﬁ’s given by (9), one can show that the fol-
lowing condition is satisfied [8]:

kO

it of =1 then ol — o~ L (38)

2 2

wheree = -2 > 0.
Now, assume th& > 1, then, one gets:
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w< < _G@VN—‘G&GGﬁbk
§
+ 2G max@am;zzwm e[ VOV, VONa
i=1=1] \/)me \/Amm
< _Ga“ﬁk_‘e&ech&k

VA LAY V09V,
+ 2rl<C2\/ Kaxd )V 05V 6 ¢ Zi M 'Val
=1 \/)Lmln \/kmln

q A

— 0%V — 0%Q oy + 2C51 /AKX (S) V0%V ¢ ZZ LA

IN

+ 2C4Vlr|’f1ax \/ 95‘<V1k 0 ¢ Z Z vV 95'V2|

I=1j=1

< —0%Vy— 0%0%Vy+2C50 /0%y, /63V,
+ 2Cs0 6/ 0%V / 0%\,
< —0%V— %0 Vy +2C50 5 (0%Vy) 03V,

+ 2Cg0 ¢y 05V \/ 0%\, (39)
Hence,
vV o< —(95k 250~ 89@) — 0%\, 1 2C50¢ /0%, \/ 05V,
(40)

Now, setV; = 6% (1—2Cs6¢)Vy, Vi = %6V, andV* = V; +V;. Notice that
0%V <V* < 0%V, wheres, 6% are respectively given by (6). Then,

’ * * 2(%978 * *
V < —(Vf+V9)+ ToC.oC0 " (V' +V5)
2Cs0 ¢
< (1l ) (Vf+ V)
< ( 1—2056—8>( 1+V2)
(41)
Now, choosingdp andé such that(l— W) > 0 one obtains:
V<—(1-2(Cs+Ce)0 ¢V (42)

This completes the proof of theorem (2.1).

2.3 Some particular observers

Some particular expressions of the vedt@g'¥) that satisfy conditions (16) shall
be given and discussed in this section.
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2.3.1 Adaptive high gain observers
Consider the following expression Kf(%«):

Kug(X) = KK(X) (43)

1. . . -
wherek > > is a real number. One can easily check that expression (43) satisfies

conditions (16) . More specifically, the proposed observer itk) specialized
as in (43) is in fact an adaptive version of the well known high gain state observer.

2.3.2 Adaptive sliding mode like observers

At first glance, the following vector seems to be a potential candidate for the ex-
pression oK (%4):

K(%) = ksign®) (44)

wherek > 0 is a real number and 'sign’ is the usual sign function. Indeed, condition

(16) is trivially satisfied by (44). However, expression (44) cannot be used due the
discontinuity of sign function. Indeed, such discontinuity hampers the applicability

of the Lyapunov approach used throughout the proof. In order to overcome this
difficulty, one shall use continuous functions which have similar properties that
those of the sign function. Of practical importance, these functions are widely
used when implementing sliding mode observers. Indeed, consider the following
function:

Krann(%) = kTanh@) (45)

whereTanhdenotes the hyperbolic tangent function &nd 0 is a real number.
It is easy to see that conditions (16) is satisfied for relatively high valuks of

Similarly to the hyperbolic tangent function, one can easily check that the inverse
tangent functioﬂ(ArcTan(f(k), the inverse sinus functidﬁsmh(f(k), etc., also consti-

tute valid expressions fdf (%X). Besides, one can consider new valid expressions
for K (%), for example by addingrann(%) to Kyg(X©).

3 Conclusion

In this paper, we have discussed an adaptive observer for a class of MIMO uni-
formly observable nonlinear systems. A global exponential adaptive observer has
then been proposed for these classes of systems. The gain of the parameter adap-
tation of the proposed observers involves a design function satisfying some mild
conditions that have been given. Of fundamental importance, the global exponen-
tial convergence of these observers was shown to be guaranteed under the well
known persistent excitation condition.
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