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Résumé. This paper investigates the robust Hoo reduced order observer-
based control. The control gain is designed using standard Hoo techniques.
This gain is then used to resolve unbiasedness condition on the estimation
error. Finally, the observer matrices are derived through the computation
of a unique gain by means of Linear Matrix Inequalities.
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1 Introduction

The observer-based control is usually applied (see [1-8]) when we do not
have access to all the states of a system. In the case of linear systems without
uncertainty, it is well established that the observer-based control problem can
be resolved into two separate problems: the observer synthesis and the control
law design.

Thus, this separation principle permits to decrease the computation time and
to reduce the complexity of the synthesis problem because this one is divided
into two separate subproblems.

But in many practical situations, there are uncertainties which affect the
nominal system. Here, we will consider the observer-based control problem for a
system subjected to norm-bounded uncertainties as in [9-14].

In this paper, a method is proposed to design a robust reduced order control
law for uncertain systems into two steps. First, we search for a linear control
law which ensures an H,, performance. Second a functional filtering techniques
developed in [15,16] is used to determine the observer-controller matrices. We
prove that the obtained observer-based controller guarantees the quadratic sta-
bility and an H., performance. We use a functional filter which estimates the
control law without estimating the all state of the system contrary to “standard”
observer-based control approach (see [1]). Our approach allows to reduce the or-
der of the controller since the designed functional filter is of the same order than
the functional to be estimated, i.e. the dimension of the control input u(t).

In the sequel, At is a generalized inverse of matrix A satisfying A = AATA
[17].
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2 Preliminary results

Let us consider the following uncertain system

&= (A4 As(t)x+ (B+ Ap(t)) w (1a)
z = Cz + Duw. (1b)

where z(t) € IR"™ is the state vector, z(t) € RY is the output, and w(t) € R" is
the disturbance vector.

The matrices Ax(t) and Ap(t) represent the parametric uncertainties and
satisfy the following relation

[A4(t) Ap(t)] = MA(t) [Ny Nu (2)
with AT(t)A(t) < I, and A(t) € R,
In this paper the usual H., performance index J,,, will be considered i.e.

Jow = / (sz — 'YQwTw) dt (3)
0

for a given v > 0.

2.1 First formulation of the preliminary result

The following lemma is given to ensure the stability and the H,, perfomance
of system (1) and is used to prove theorem 2 in the sequel.

Lemma 1. The uncertain system (1) is quadratically stable and satisfies the
Hoo performance J.,, < 0 for a given v > 0 if there exist matrices P = PT > 0,
G and a real p > 0 such that

GA+ ATGT + uNI'N, P -G+ ATGT GB + uNI'N,, CT GM

P-GT+GA -G -G7T GB 0 GM
BTGT + uNIN, BTGT —~I+uNIN, DT 0 | <0. (4)
C 0 D —~I 0
MTGT MTGT 0 0 —ul

Note that if LMI (4) is feasible, then G + GT > 0, so G is nonsingular.

Proof. As in [18-20], let us consider the following descriptor system (using the

relation ¢ = )
kiR r AT AL o

z=[C0] Lﬂ + Dw (5b)
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where
Apa=(A+ Ax(t)) and Ba=(B+ Ap(t)). (6)
Consider the Lyapunov function candidate given by (P = PT > 0))
. L,Oo| [P O] |z
_ . Tp._ [T .77 |{in
V(z)=a" Pz = [27 7] [0 0} [GT GT} Lc] (7)

where G is a given matrix with appropriate dimensions. Then

Ve =207 |0E) (3] =267 0] |aratrpan - @

Using (5) into (8) and from the fact that V(0) = 0 and V(c0) > 0, we have
the following inequality

Tow < / (72— wTw + V() di 9)
0

where J,,, is the usual H,, performance index.
Inequality (9) is equivalent to (see (8))

> C 6 v
T T, T 11 12 .
szg/o [#T &7 wT] [9{2 —721+DTD] Z) dt (10)

@__OITPOJFPG 0 I]
UTAL I |GTGT| 0G| |Aa —I]

PGI[0] . [CTD
AR

So, if the relation

where

O11 O12 0
6L, —~+*1 DT | <0 (11)
0 D -1,

holds, then J,,, < 0 (V(z) < 0 also).
Moreover using the Schur lemma, inequality (11) is equivalent to

GAx+ ALGT P—-G+ ALGT GBA CT
P-GT"+GA, —-G-GT GBa 0

BLGT BtaT 1 D7 | <"
C 0 D —I
which can be written as
GA+ ATGT P-G+ ATGT GB CT
P-GT"+GA -G-GT GB 0
BTGT BTGT s DT + H1A(t)H2 + HQTAT(t)HlT <0

C 0 D —I
(12)
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with Hy = [ (GM)T (GM)T 0 0]", Hy=[N, 0 N, 0].
Finally it is well-known that if there exists g > 0 such that

GA+ATGT P-G+ATGT GB CT
P-GT+GA -G-GT' GB 0

BTGT BTGT  —4I DT

C 0 D —I

+p 'H HY + pHy Hy <0 (13)

then inequality (12) is verified (see [21]). So, applying Schur lemma again on
(13) leads to the LMI (4) of lemma 1. O

2.2 Second formulation of the preliminary result

An alternative formulation of lemma 1 is given in a second lemma to ensure
the stability and the H, perfomance of system (1). This second lemma is used
to prove theorem 1.

Lemma 2. The uncertain system (1) is quadratically stable and satisfies the
Hoo performance J,., < 0 for a given v > 0 if there exist matrices P = PT > 0,
G and v > 0 such that

AG+ GTAT + yMMT P—-G+GTAT +vMMT B GTCT GTNT
P-GT+ AG+vMMT —G-GT+vMMT B 0 0

BT BT -—~I DT NI | <o.
CG 0 D —~I 0
NG 0 Ny 0 —vi
(14)
|

Proof. Notice that from (4), by pre and post-multiplying it by bdiag (G_l, G710, 0)
and taking P = G~'PG~T, G =G~ T, we get

AG+GTAT P-G+GTAT B GTcT

P—-GT + AG G-G B 0 + P A + Fy AT F] <0

BT BT —~I DT
caG 0 D —AI
(15)
with iy = [MT MT 0 0], F,=[N,G 0 N, 0].
The rest of the proof is similar to that of lemma 1. O
3 Robust observer-based controller design
In this part, we consider the following uncertain linear system
&= (A+A4(1)) x4+ (B1+Ap, (t)) w+Bau (16a)

z=Cix + Djyw + Disu (16b)
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y=(Co+ Ag, (1)) x + (D21 + Ap,, (1) w (16¢)

where z(t) € R" is the state vector, z(t) € IR? is the controlled output, y(t) € RP
is the measured output, u(¢t) € R™ is the control input and w(t) € R" is the
disturbance vector. Without loss of generality, we assume that m < n.

The matrices Ax(t), A, (t), Ac,(t) and Ap,, (t) represent the parametric
uncertainties and satisfy the following relation

[AAci((?) AAJill((?)] - mj A(t) [Nz Nu] (17)

with AT(t)A(t) < I, and A(t) € R™F.
We aim to design an observer-based controller with the following structure

n=Hn+ Jiy+ Jou (18a)
u=mn-+Ey (18b)

where 7(t) € R™ (with m < n) is the observer state and matrices H, Jy, Jo and
FE are to be designed.
For this purpose, we first introduce the following definition.

Definition 1. The uncertain system (16) is said to be robustly stabilizable based
on function observer if there exist a gain matriz L, a function observer n =
Hn+ Jiy + Jou and a control law uw = n+ Ey such that

(i) lim; oo u(t) — Lz(t) =0 if w(t) =0,
(ii) the designed controller must be an observer-based one for the nominal system
(i.e. a separation principle like condition is satisfied : the eigenvalues of
A+ BsL and H are those of the state matrixz of the nominal closed-loop
system),
(iit) the closed-loop system (16)-(18) is quadratically stable. |

Now, the problem to be treated can be stated as follows.

Problem 1. The objective is to establish a function observer (18a) and a control
law (18b) such that

(1) limgoo u(t) — La(t) = 0 if w(t) = 0,
(ii) the designed controller must be an observer-based one for the nominal system
(see item (ii) in definition 1).
(iii) the resulting closed-loop system (16)-(18) is quadratically stable and satisfies
the Ho, performance J,,, < 0 for a given v > 0. [ |

The approach used in this paper is to design the controller into two steps. The
first one consists to use the item (i) of problem 1 i.e. to search for a state feedback
gain L verifying u(t) — La(t) for subsystem (16a)-(16b). Once this gain is found
we then search in a second step, an observer-based controller (18) permitting to
construct this gain L.



266 1J-STA, Special Issue, CSC, December 2007.

3.1 Synthesis of the robust state-feedback gain

In this part, we replace u by Lz in system (16a)-(16b) and get the following
subsystem

i = (A+ BoL + Au(t) 2+ (Bi+Ap, (1) w (19a)
z = (Cl + D12L) T + an (19b)

The above system is similar to system (1) and the result of section 2.2 can
then be applied to build the gain L through the following theorem.

Theorem 1. The uncertain system (19) is quadratically stable and satisfies the
Hoo performance J,,, < 0 for a given v > 0 if there exist matrices P = PT > 0,
G, Y and v > 0 such that

(1,1) (1,2) B, GTcT+yTDL, GTNT

(1,27 -G-GT+vM,MI B, 0 0

BT BT e DY NI | <0 (20
C1G+D12Y 0 D1y —1I 0

NG 0 Ny, 0 —

where

(1,1) = AG+ GT A" + BoY + YT B + vM, M!
1,2)=P—-G+GTAT +YTBT v vM,MT
2 T

Then the gain L is given by
L=YG " (21)

Proof. Note that G is invertible once the LMI (20) is satisfied, then the gain L
can be computed.

By inserting L = YG~! in LMI (14), one obtains inequality (20) if A and C
are replaced by A + BoL and Cy + Do L respectively (i.e. compare system (19)
with system (1)). Then this theorem is proved using lemma 2. O

3.2 Synthesis of the robust observer-based controller
Assume that the following constraint [15, 16]
E[M, Dy] =0 (22)

holds. This assumption is justified in remark 2.
Using item (i) of definition 1, an observation error signal can be defined as

e=Lr—u=¥r—n— E(Dyyw+M,A(t)(Nyz+Nyw)) (23)

where
U =L — ECs. (24)
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Using (22), the observation error can be simplified as
e=¥zr—n (25)
and has the following dynamics
¢=He+ (WA — HU — J,Cy)x + (WAA(t)— J1 Ac, ()
+(IBy — J\Da)w+ (PAp, () — 1 Ap,, () w+ (FBy — Jo)u  (26)

and the unbiasedness of the nominal part corresponding to item (1) of definition

1 is achieved if and only if the closed-loop is quadratically stable and the two
following conditions hold

OZWAwafjlcQ, (27&)

Jo = U Bs. (27Db)

If rank L = ¢ and using constraint (22), the nominal unbiasedness conditions
(27a) is equivalent to 15,16, 22]

[E K| X =100 LA (28)

and the general solution of (28), if it exists, is given by
[EK]=[00LAT +Z(1,-T ") (29)

where

- [M, Dy C,A

¥ = [ 00 C } (30)

A=A(I-L'L), (31)

C=Cy(I-L'L), (32)

K =.J, - HE. (33)

and Z is an arbitrary matrix of appropriate dimensions.

Remark 1. As in [15, 16, 22], the matrix L must be of full row rank. Notice that
in case matrix L given by (21) is not full rank row, it suffices to add a small
perturbation to fulfill this condition. |

Relation (29) is the general solution of (28) if and only if [17]

- [0 0 LA
rank {J\gy D021 CQCA} =rank | M, Dy CoA (34)
0 0 C
or if and only if [15, 16, 22]
My, Doy LA ]\2 DO ﬁﬁ
rank | 0 0 Oy | =rank [~ ¥ 72 (35)
0 0 L 0 0 C
0 0 L
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Let £7(t) = [ #7(t) e (t) | be the augmented closed-loop state vector. Then,
if (35) holds, the closed-loop system (16)-(18) is given by

. [A+B,L-B Au(t) 0
&= [ 0 2] et {WAA(t) ~ T Ay (t) 0]5
Ap(t)
B A, (1)
t LI/Bl - 1111721} w+ [@[/ABl ()= i Ap, (t)} w - (36a)
Ag(t)
z = [Cy + D1oL —D12] £ + Djyw (36b)

Due to relations (27a) and (29), the following relations are obtained

H=A-7ZC (37)
UB, — J1Dy = B —ZG (38)
where
~ _+ CQALT
A=LAL'—[00LA] X' [CZU}, (39a)
-~ ==t CQALT
C:(Izp—xx)[cw}, (39b)
B=LB, —[00LA T [C[Z)B 1] : (39¢)
21
A w5ty |C2B1
G_(Izp—ZZ)[D21]. (39d)

Remark 2. In system (36), the filtering error e(t) is bilinear in the gain param-
eter Z due to the product ZCE. This bilinearity is intrinsically linked to the
unbiasedness condition (27a) . Indeed, the “bilinearity” H¥ in (27a) yields a
gain K containing the product HE (see (33)). In order to avoid this kind of
“bilinearity”, we consider the constraint (22). |

Notice that the uncertain terms combinations WA 4 (t)—J1 Ac, (t) and W Ap, (t)—
J1Ap,, (t) are easily calculated by means of the system matrices. For example,
using (24) and (29), the first term is given by

CQMJU

VAA(t)—S1Ac, (1) = <LM$_ [E K] [ M

oo,
_ ((LMx ~foorA] s [Cj\é\jz]) -Z ((12,, =) ﬁﬁjﬁb) A(t)N,.

The matrix ¥Ap, (t) — J1Ap,, (t) is calculated in a similar way and the
closed-loop system (36) becomes

= (& + AA(t)) €+ (1’13% + AB(t)) w (40a)
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z = C¢ + Dyyw. (40Db)
where
[Aa(t) As(t)] = MA(#) [N, No (41)
with
~ [A+BL -B, ] -~ [ B
=M %) 8= 5 0] (420)
C = [Cy 4 DysL —Dy,] M = My (42D)
= [ 1 12 12], = M, 77My2 )
— <t [Co M,
My =LM, —[00LA] © [ 12\4y } (42c)
= w5ty [Co My
My = (I, — 55 { e } : (42d)
Y
Ny = [N; 0] ,N, = N,,. (42e)

Notice that the augmented system (36) is then rewritten in a similar form as
system (1). It suffices to apply lemma 1 to get the unknown matrix Z.

Theorem 2. Assume that condition (35) holds. The robust Hoo observer-based
unbiased controller design problem 1 is solved under E [ M, D | = 0 and where
L is giwen by (21), if, for some u > 0, there exist
Py =P >0eR"™, P3=PL>0ecR™™, Ppec R, G € R"",
Gs € R™ ™ and Y3 € R™*?P such that the two following LMI hold

Dy o o @
@21 @22 [ ] L]
P31 P3p P33 @

Dy1 Pag Pz Pyy @ <0 (43)
D51 Do P53 Py P55 @
De1 P2 Ps3 Pos Pos Pos @
| P71 P72 P73 Pra Prs Pre Prr ]
Py Pia
>0 44
[P o P 13} (44)

g 2

where “o” is the transpose of the off-diagonal part and

&1y = G1A+ G BoL+ ATGY + LT B GT + uNI'N,
&y = —BIGT

Doy = G3A — Y3C + ATGY — Oy

31 = P11 — Gl + G1A+ G1BoL

P39 = Piog — G1Bo

P33 = -G — GT

&4 = PL
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Dy =P13—G§+G3E—Y35
Byg =0

Dy = —G3 — GF

@51 = B] G{ + pN, N,

@5y = BTG — GTYS

P53 = D51

P54 = P52

G55 = —yI + uNI N,

P61 = C1 + D1oL

Pe2 = —D12
D3 =0

D =0

Pes = D11
Poe = —v1
&7 = MIGT
Brp = MLGT — MLYS
P73 = Py
b7y = Do
b5 =0

D6 =0

Prr = —pl

The gain matriz Z is then given by
7 =G3'Ys. (45)
|

Proof. Under constraint (22), if the rank condition (35) holds, then the filter (18)
is unbiased and system (36) represents the closed-loop given by the connexion
of the uncertain system (16) with the controller (18) where matrices H, Jy, Jo
and E are given by (37), (33), (27b) and (29).

Note that Gj is invertible once the LMI (43) is satisfied, then the gain Z can
be computed.

Inserting Y3 = G3Z in the LMI (4), and taking P = [

Gy 0
5 é
bility and H.. performance required in item (ii) of problem 1 is ensured. Item
(i) of problem 1 holds since tlirélof(t) = 0 if w(t) = 0 (and so tlilﬁloe(t) = 0)

if the closed-loop is robustly quadratically stable. Item (ii) is verified since the

Pi1 Pio

P1T2 P13] and G =

} yield inequality (43). Then using lemma 1, the robust quadratic sta-
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eigenvalues of A+ BsL and H are those of the state matrix of the nominal part
of closed-loop system (36). O

Remark 3. Notice that even if we are in the reduced-order case, we do not need
to consider a block-diagonal matrix P (i.e. Pia = 0) as in [23] which can be
conservative. This block-diagonal structure is then reported on matrix G. |

Remark 4. Similarly to [24], it is easy to treat the multiobjective (and not mixed)
control problem as it is possible to consider the same Lyapunov matrix P and
different matrix G for each objective. |

4 Numerical example

The different matrices of the uncertain system (16) are given by

-10 1 11 10 011
A=|-1051|,Bi=|0 0|,B, = 01,01:[_102}02:[101},
1 —2-5 -10 00
Lo Lo 010 0
Dy; = L O],Du = [0 O}Dgl =[-050,M,= |0 0.1 0 |,M,=1[00.1350],
0.3 0 0.1
0 0 0135 03 0 a(t) 0 0
N.=1| 0 0135 0 |[[Ny=| 0 0.135|,A(t)= 1| 0 b(t) 0
0135 0 0 0.135 0 0 0 ct)

The nominal part of the uncertain system is unstable since A is non-Hurwitz.

The matrix A(t) is such that a(t) = cos(3t), b(t) = 0.5 — 0.3sin(2¢) and
c(t) = 0.7sin(4t).

We first apply theorem 1 and theorem 2 in a second time. The robust opti-
mization gives v = 8.2, v = 8.3375 and p = 9.4793.

Then  the gain  matrices L = [L;y L] (21) and
Z =127y Zy] (45) are given by

1.1273 —2.5091 —1.9966

g _ [F0.08450]  _ [-0.0292 ~7.8692 x 10-7
17110216 0| * 2~ |—0.3516 —5.1674 x 1076 |

L= {0.2546 0.3333] Ly = {0.3341] 7

The filter-based controller matrices H, Jy, Jo and E are given by (37), (33),
(27b) and (29). This controller is of order 2.

The perturbations are given in figure 1. The numerical simulation is illus-
trated with figures 2 and 3.

Notice that, when the pertubation w(t) vanishes, the state x(t) and the esti-
mation state error e(t) converge to zero even if the uncertainties in A(t)are not
null.
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5 Conclusion

In this paper, we have proposed an efficient method for robust reduced order
observer based control for uncertain systems. Through the standard Ho, tech-
niques we first computed a robust state feedback gain and then used it to solve
the nominal unbiasedness condition of the observer error dynamics. The observer
matrices are then easily obtained by solving two LMI.
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Fig. 1. Perturbation signal w(t).
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Fig. 2. Closed-loop states z(t).
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Fig. 3. Closed-loop error states e(t).



