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2) The operation using equation (7) is equivalent to a multiplication by a rotation
matrix:

x=My(q)y 9)

where the rotation matrix M f} (q) is expressed in terms of quaternion by the

following formula [14]:
MY (q)= (a6 =d"d) Fsus +2( §i" ~ 0| @ ]) (10)

where [ X] is given by (4) with replacing ¢, by ¢ .
Finally, one obtains:

2do+ai )1 2Anar+aoas) 2a1s—dos)
MY (9)=| 202 -a0s) 2(d5+3 )1 2(aoh +a:95) (1

2atz+aiss) 2Aads—aa) 2(a6+)-1

3.2. Sensor-based framework

The sensors configuration consists of 3-axis gyroscope, 3-axis accelerometer and
3-axis magnetometer containing MEMS technologies. A detailed study of these
sensors is given in [15]. Their outputs are expressed in the frame B, respectively, by:

0y =[5, @, o] =0tb+s, (12)
r=[f 1 £] =Mi(q)(g+a)+s, (13)
h=[h h 0] =ME(g)m+s, (14)

T .
where a):[a)x o, a)ZJ e ®H! represents the real angular velocity vector

T
measured in B. g=[0 0 9.81]T e R®R> and a:[ax a, az] e R>! represent
the gravity vector and the body acceleration, respectively. a and g are expressed in

m=[m, 0 mZ]Tz["m"cos(H) 0 ||m||sin(9)]Te€R3’Xl represents the magnetic

field measured in N . The theoretical model of the magnetic field nearest to reality
considers a magnetic field vector with an inclination angle € = 60° and a norm vector

||m|| =0.5 Gauss [16]. b= [bx b, b, JT e ®*! is a function varying slowly in time
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and representing an unknown gyro-bias modeled by a Gauss-Markov process [17]. It
is described by:

b=-T""b (15)
where T = 715,5 is a diagonal matrix of the time constant 7 .

5, €™, 5, eR™ and 5, eR™ are assumed uncorrelated white Gaussian

measurements noises with null mean and covariance matrix.
Since a normalized unit quaternion is used, then g is also normalized to a unit vector

such as:

[0 0 981]
g - -
V9.81°

In the same way as for the accelerometer, m is normalized to a unit vector such as:

[05cos(60r) 0 0ssin(er)] [0.5 0 ﬁér o

m - =
J0.5% cos? (60°) +0.5sin’ (60°)

=[0 0 1]T (16)

3.3. Rigid-body kinematic model

The kinematic equation, expressed using the unit quaternion, describes the relation
between the variation of the rigid-body attitude in time and the angular velocity. It is
given by [14]:

) ~T
99 1 -9
P x (18)
{Q} 213‘]0“‘[‘]}&)

T
where @ = [a)x o, a)Z] represents the real angular velocity rate vector of a rigid-

body measured by gyroscope in the frame B . [c]x] is given by (4) with replacing ¢,
by g .

4. Design of the complementary nonlinear observer approach for
the rigid-body attitude estimation

In this paper, the objective is to design a rigid-body attitude estimation algorithm
based on inertial and magnetic MEMS sensors (low-cost and low-power sensors). The
proposed approach will be subsequently used to estimate the orientation, under
several motions, of the studied animal’s specie: the king penguin. Amongst various
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navigation systems, strap-down system based on the integral of the angular velocity
from gyroscope leads to a good attitude estimates (in dynamic situations) for short
time but suffers from gyro-bias which causes the orientation estimates to drift away
from the true orientation rapidly. Accelerometer and magnetometer are good sensors
in attitude estimation for static and quasi-static motion but with poor dynamic
performance [2].

We propose an observer approach to take advantages from accelerometers,
magnetometers and gyroscopes in order to estimate the most accurate attitude.
Moreover, the proposed solution includes the estimation of rate gyros biases to
compensate angular velocity measurements. It important to stress that the resulting
approach structure is complementary: high bandwidth rate gyro measurements are
combined with low bandwidth vector observations to provide an accurate estimates of
the attitude [17]. In our knowledge, the proposed approach using this triad of sensors
is the first work applied in Bio-logging area [18].

Firstly, one considers that the real angular velocity vector @ is written as:

w=w;—-b-0g (19)

To achieve our goal, let us consider the following nonlinear system described in (20)
and obtained from (18), (15) and (19):

I - 4 % 1
9% 4 %
- O —b—G
2l s q [ ¢ G]
il A % 9 D
ql |= e - 1
= 2 Baao H T || |= 1
u s |7 - 00 (20)
T 1
0 — 0
T
0 0 L
L L T— _
1 ] ] ] | T
v=q'=[qy 4\ 4> 4]

where g eR* is the quaternion and beR¥' is the bias (system’s states).

Ly s € R>3 is an identity matrix. ¢'e R*" is the system output that is determined
based on optimal fusion of accelerometer and magnetometer measurements. The
method that allows to calculate ¢' is presented in the next section.

In order to estimate the attitude, the following complementary nonlinear attitude
observer is proposed:
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o1 -4 n ~
qZE'Aﬁ%+{&ﬂl}h_b+th @
b=-T"5-kyq,

g and b represent the estimated states. The observer gains &, ,k, € R™ are positive

3x1

constants. [éx} is given by (4) with replacing g, by é g, € R represents the

vector part of the error quaternion ¢, .

q, 1s obtained by using the quaternion product (3) between the measured quaternion
q' and the complementary estimated quaternion (5 with replacing ¢, by 5 and g,
by ¢':

4.=i%q¢'=[q0 @] (22)

Based on [2], [19], a detailed mathematical analysis of the observer convergence and
the global stability are derived. Suppose that 6; =0 and ¢'~ g .

Theorem 1: Consider the kinematic equation (18) for a time-varying q(t) and with

measurements given by ¢' and @,;. Let (é(z),l?(z)) denote the solution of (21).

e

Define error variables ¢, =§ ®¢' and b, =b—b . Then, the error [qu (1) o (t)} is
globally asymptotically stable to [+] 0 0 0 0 0 0]. For almost all initial

conditions (qe (1), (to)), the trajectory ((}(t),l;(t)) converges to the trajectory

(4(1).).

Proof: Let us consider the two error equations given by:

0 =[de0 o der 4] =494 (23)

A

bo=[b by b.] =b-b 24)

ey

Suppose that ¢'=~ ¢ and using the definition of quaternion product ® given in (3),
equation (23) can be written as:

9090 + 091 t 9292 + 9395
~q0d + 4190 + 9293 — 939>

q. = n . . N (25)
—4092 — 9193 + 9290 T 9391

=409 + 0192 — 929 + 9390
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Now, differentiating (24) and (25), then one obtains:
G090 + 9090 T 1% + 4% + D% D% + 4% + 4595

i = —Go%h —90% + %49 + N0 T 9% + D% — 5% — 5%

e

—Go%2 — 0% — 9% — 193 + %90 + %0 T 5% + B4 (26)
—G093 —90% T 419> + D192 — %% — %% + 4390 + %90
b =i

Substitute q:[qo 4 9 6}3]T, 5=[5x 5y EZJT,(}=[QAO ‘}1 ‘}2 ‘}3]T and

A A A A T
b= [b b, bz} given in (20) and (21).

Finally, the observation error dynamic’s is written as follows:

1 0 (b, +ka, ] {qﬂ

9e

2| b, +ki, ] [2w*]+[[be+klc}e]x} . 27)
b, =-T7'b,+kq,
It is easily verified that:
[al B ]=[+1 0 0 0 0 0 0] (28)
and
[a! #l]=[-1 0 0 00 0 0 (29)

are the equilibrium states of the error dynamics (27).
Let us consider a domain D as:

D={q, e W™/ —1<q,(i)<1, {i=1.4} and b, >/ <o<b, (i) <+, {iFL.3}}  (30)

Let us define two candidate Lyapunov functions V] and V,. These functions are

continuous, positive definite, bounded and belong to the class C? as:

Vl:%beTbe—’—kZ((l_qeO)z+C’jZCje)’ ifqeOZO (31)

1 2 7. .
V2=Eb§be+k2((1+qe0) +quqe), if g0 <0 (32)

In our case, the motion can change randomly, and then ¢,, can take positive or
negative value according to the value of ¢. If we choose the case ¢,, 20, then we
consider the Lyapunov function in (31). Equation (31) can be written also as:
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1
V:E$@+@@U—%ﬁ) (33)

When differentiating (33) and using (27), one obtains:
V ==2ky4,0 +b b, (34)
Finally, one obtains:

V=—kkg.q,—bT"'b, (35)

e

Since 0<¢q,, <1, then:

Gode=1-42 20 (36)
When the gains &, , k, are positive constants, we can write:

V<0 (37)
It is clear that ¥ is negative semi-definite and for equilibrium states (28) and (29),
the condition V(q,.b,)=V(q,.b,)=0 is satisfied. Thus, (g,.b,)—>0 and
consequently g,, — 1 (the norm of ¢, is always equal 1 [13]).

In the same way, for the case ¢q,, <0, the associated Lyapunov function (32) leads to
the same result given by (35).

Let Y= {(qe,be) eD/ V(q,.b,)= 0}. Therefore, the only solution that can stay

identically in Y is the trivial solutions in (28) and (29). Now, applying Krasovskii-
LaSalle’s principle [20], one can conclude that the equilibrium states (28) and (29) are

globally asymptotically stable, which ends the proof.
|

5. Optimal determination of ¢' from vector observations

In this section, one presents an optimal method to determine the attitude ¢' that is

used as measurements for the nonlinear observer in (21). The problem of optimal
attitude determination algorithm wusing two sensor’s measurements (vector
observations) is known as the Wahba’s problem [21]. In this paper, we consider the

T
earth’s magnetic field m :[mx m, mZJ defined in (17) and the gravity vector

T
g :[gx g, gz] expressed in (16) as vector observations. These quantities are

locally constant in the Earth-fixed frame N .
To solve this problem, let us define firstly the modelling error:

5(q)=(y-7) (38)

where y represents the theoretical values of gravity and earth’s magnetic fields:
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T
y:[gx g, & m, m, mz] (39)
¥ depicts the estimated values of g and m :
R Y
y=[g)r g, & my m, m} (40)
Note that these estimated values are obtained from the followings two equations:
N N N ~ 7 . =
g,=[0 & & &] =¢9/0¢ (41)
A A A ~ T . =
) =[o m, R m] =G®h ®§ (42)
where f, represents the quaternion form associated to the acceleration vector as

T

Jq :[0 S S fz] and h, the quaternion form associated to the earth’s

. r . . . .
magnetic field vector as 4, :[O h, h, hZJ . g depicts the estimated attitude
form the nonlinear observer in (21).

To minimize the error & ((}) , an iterative method is used to locate the minimum of the

scalar squared error criterion function:

J(4)=5(4)" 5(9) (43)

Several approaches have proved to be effective as standard technique for nonlinear
least-squares problems. In this paper, Levenberg Marquardt Algorithm (LMA) is used

to minimise the nonlinear function J(g). It outperforms the Gauss-Newton

Algorithm (GNA) and the method of gradient descent. The LMA is more robust than
GNA in the region of local minimum [22]. Then the unique minimum can be written
in the following form [23]:

{(qA):c[HTH+/U3X3}_1HTé(c}) (44)

where A is a constant that adjusts the convergence rate of the algorithm and
guarantees that the inverted term will be non-singular. ¢ is a smoothing parameter
chosen between 0 and 1 [6].

H e R%3 is the Jacobian matrix defined as [24]:

n=-l[e"] [#]] (45)

where [ g*} and [MXJ are defined in (4) with replacing §, by ¢ and h.

Then, from (45), one obtains the following matrix:
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0 _éz éy 0 _ﬁ’z my
0 i (46)

z X

H=-2| g, 0 -g, m
_gy gx 0 _rhy ]/hx 0

Note that ¢ (c}) e R>! represents the vector part of the error quaternion of the LMA.
Then one takes ¢ (é) =4, - Finally, to obtain the quaternion ¢', that is used after

in (22), one uses the following equation:

' ' ~ T
q (k + 1) = q (k) ®[1 Qer}’()r} (47)
For k=[l.n] (n is the final integration step), one chooses to use always the

condition ¢'(k) =g (k) to obtain faster convergence of the LMA. Note that the scalar

. ~ T, o .
part of the error quaternion [l qe,m,] is very close to unit since the incremental

quaternion corresponds to a small angle rotation and then the only dynamics of the
system will be contained in the vector part of the perturbation quaternion.

Note that this algorithm is limited to the lowest frequencies of the natural panel of
movements [2] (the static or quasi-static situations) and the values of ¢' are strongly

disturbed in dynamic situations. ¢' is smoothed after by the proposed observer in

@1).

6. Simulation results

This section aims at illustrating the performance and accuracy of the
complementary nonlinear observer designed in (21). Some numerical simulations
were carried out under Matlab to estimate the rigid-body attitude based on the
measurable inertial and magnetic measurements. To achieve these simulations, one
starts by generating a theoretical example of attitude variation that was the subject of
angular velocity data over 100 sec. The kinematic differential equation in (18) is used
to obtain the continuous time motion in quaternion representation based on the
considered angular velocity measurements. The obtained motion (quaternion term) is
used in these simulations as reference and which will be estimated after by the
proposed observer. To represent the sensor imperfections, an additive random zero-
mean white Gaussian noise was considered for all measurements (see Table 1).

The sampling and calculation rate was chosen as 100Hz for all measurements
(0.01sec). The angular velocity measurements are also assumed to be corrupted by a
theoretical bias. This latter is generated based on equation (15). Notice that the bias is
very common and undesirable characteristic of low-cost rate gyros. The observer
gains k; and k, that guarantee convergent estimates, are set according to the

considered sensor noise levels and sampling rate as: k; =25 and k, =40. The

constant ¢ used in the LMA is set to ¢ =1/3. In these simulations, one chooses to
initialize the theoretical states of the model (the quaternion ¢ and bias b ) and those
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of the observer with different random values. These conditions are summarized in
Table 2. Notice that this choice allows illustrating the convergence of the observer
although it was initialized far from the actual states.

The time history of the seven states to be estimated (quaternion and bias
components) and observer estimates are shown in Figs. 3 and 4. Despite the nonlinear
observer and the theoretical model of the quaternion and bias were initialized with
different initial conditions, one can note that the estimated quaternion and bias
converge rapidly towards its theoretical values. Notice that one has tried to change the
initial conditions and the same performance was obtained. It is clear that the domain
of attraction seems to be large enough since the states are initialized far from their
true values and the observer converges quite fast. Notice that the nonlinear observer
copes well with the rate gyro bias. Moreover the noises of the accelerometer and
magnetometer are rejected. In order to evaluate the overall attitude estimation
performance, one chooses to plot the time history evolution of the estimation errors
on the quaternion and bias. Figs. 5 and 6 depict the convergence of these errors
towards zero during the motion. These obtained results show the effectiveness of the
complementary nonlinear observer to the attitude estimation during the considered
rigid-body motion.

‘ —==Nonlinear observer —— Theoretical model

%

2
1
0 i
1 ]

0 5 10 15 20 25 30 35 40 45 50

0 -

0 5 10 15 20 25 30 35 40 45 50
Time (s)

Fig. 3. Theoretical quaternion ¢ and its estimated values ¢

Table 1. Characteristics of the various noises for the sensors’ measurements

Sensors Parameters  Standard deviations Units
Accelerometer 5, 0.01 m/s*
Magnetometer 5, 0.03 Gauss

Gyroscope g 0.01 rad/s
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Fig. 4. Theoretical bias b and its estimation b
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Fig. 5. Quaternion estimation errors
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Fig. 6. Gyro-bias estimation errors
Table 2. Initial conditions
Quaternion Bias
1 T T
Theoretical model Q(to) =[1 00 0] b(to) _ [_1.5 0.9 1]
1 ~ T ~ T
Nonlinear observer 4(6)=[03 05 08 01" B{x,)=[0 0 0

7. Experimental results

In order to evaluate the efficiency of the proposed approach in real word
applications, an experimental setup was developed resorting to an inertial and
magnetic sensor module. In this study, an Inertial Measurement Units (IMU) was
employed: the MTi from Xsens Technologies [25], which outputs data at a rate of
100Hz. This MEMS device is a miniature, light weight, 3D digital output sensor (it
outputs 3D acceleration (from accelerometer), 3D angular rate (from gyroscope), and
3D magnetic field data (from magnetometer)) with built-in bias, sensitivity, and
temperature compensation. In the set of experiments, the calibrated data from MTi are
used as inputs to the proposed nonlinear observer. In addition, this device is designed
to track the body 3-D attitude output in Euler angles, quaternion or rotation matrix
representations. The attitude from MTi is computed using an internal algorithm based
on Xsens Kalman Filter (XKF) [25]. Note that MTi serves as tools for evaluation of
the efficiency of the proposed attitude estimation algorithm.
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